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1. Introduction 
S. Bochner devised an analytic technique to obtain non-existence theorems for some 
geometric objects on a closed (compact, boundaryless) Riemannian manifold, under some 
curvature assumption (see [1]). Currently, there are two different points of view about 
classical Bochner technique; the first one uses the Green’s divergence theorem, and the 
second uses the Hopf’s theorem which were obtained from the Stokes’s theorem and clas-
sical maximum principle for compact Riemannian manifold, respectively. In particular, a 
good account of applications of the Bochner technique in differential geometry of Rie-
mannian almost product manifolds and submersions may be found in [2]. We recall here 
that a Riemannian almost product manifold is a Riemannian manifold (M, g) equipped 
with two complementary orthogonal distributions. For instance, the total space of any 
submersion of an arbitrary Riemannian manifold onto another Riemannian manifold ad-
mits such a structure.  
In the present paper we will use a generalized Bochner technique: our proofs will be 
based on generalized divergence theorems and a generalized maximal principle for com-
plete, noncompact  Riemannian  manifolds (see [3]). We  will  prove  Liouville type non- 
-existence theorems for some complete, noncompact Riemannian almost product mani-
folds, conformal and projective diffeomorphisms and submersions of complete, noncom- 
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pact Riemannian manifolds which generalize similar well known results for closed mani-
folds.  
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2. Three global divergence theorems  
Let (M, g) an n-dimensional oriented Riemannian manifold (M, g) with volume form 
=gVold ndx...dxgdet ∧∧1  for positively oriented local coordinates . Then we 
can define the divergence  of the vector field X via the formula 
nxx ,...,1
Xdiv
( ) ( ) ggX VoldXdivVoldid =  where  denotes contraction with X (see [4, p. 281-283]). 
Furthermore, if  
Xi
ω  is an (n − 1)-form on (M, g), then we can write gX Voldi=ω  where X 
= ωg∗  for the Hodge star operator relative to g. Thus when ω  is an (n − 1)-form with 
compact support in an orientable n-dimensional Riemannian manifold (M, g) without 
boundary, the Stokes theorem dω = 0 follows the classic Green divergence theorem  ∫М
( )∫ =M 0gVoldXdiv  
if the vector field X has compact support in a (not necessarily oriented) Riemannian 
manifold (M, g) (see [5, p. 11]).  On the other hand, there are some Lp(M, g)-extensions of 
the classical Green divergence theorem to complete, noncompact Riemannian manifolds 
without boundary. Firstly, we formulate the following (see [6]) 
Theorem 1. Let (M, g) be geodesically complete Riemannian manifold and X be a 
smooth vector field on (M, g) which satisfies the conditions ( )gMLX ,1∈  and 
, then  where ( g,MLXdiv 1∈ ) ( )∫ =M gVoldXdiv 0 X   is a norm of the vector field X 
induced by the metric g . 
Later, L. Karp showed in [7] the generalized version of Theorem 1. Namely, he has pro-
vided the following theorem. 
Theorem 2. Let (M, g) be a complete, noncompact Riemannian manifold and X be a 
smooth vector field on (M, g) which satisfies the condition  
( ) ( )∫∞→ rBrB gr VoldXrlim 21inf  = 0                                    (1.2) 
for the geodesic ball B(r) of radius r with the center at some fixed Mx∈ . If div X  has an 
integral (i.e. if either (div X)+ or (div X)– is integrable) then ( )∫ =M gVoldXdiv 0 .  
In particular, from the above theorem we conclude that if outside some compact set div X 
is everywhere  ≥ 0 (or ≤ 0) then ( )∫ =M gVoldXdiv 0 . 
In conclusion, we formulate the third generalized Green’s divergence theorem (see [8]; 
[9]), which can be regarded, as a consequence of the above two theorems and Yau lemma 
from [10].  
Theorem 3. Let X be a smooth vector field on a connected complete, noncompact and 
oriented Riemannian manifold (M, g), such that div X ≥ 0 (or div X ≤ 0) everywhere on 
(M, g). If the norm ( gMLX ,1∈ ), then 0=Xdiv . 
The Laplace-Beltrami operator of any  is defined as MCf ∞∈ ( fgraddivf g= )Δ  where 
grad f is the unique vector field that satisfies ( ) ( )XdffgradX,g =  for all vector fields X 
on M. The scalar function  is said to be harmonic if it satisfiesMCf ∞∈ 0=Δ f . It is 
well known, that if is a harmonic function on any complete Riemannian mani-
fold satisfying  for some 
MCf ∞∈
( g,MLf p∈ ) ∞<< p1 , then f is constant (see [10]).  
In addition, we recall that the scalar function is called subharmonic (resp. su-
perharmonic) if 
MCf ∞∈
0≥Δ f  (resp. 0≤Δ f ). In particular, if (M, g) is compact then every 
harmonic (subharmonic and superharmonic) function is constant by the Hopf’s theorem. 
On the other hand, Yau has proved in [10] that any subharmonic function  de-
fined on a complete, noncompact Riemannian manifold with 
MCf 2∈
∫ ∞<M gdVdf  is har-
monic. Then based on this statement (or on the Theorem 3) we conclude that the follow-
ing lemma is true. 
Lemma. If (M, g) is a complete, noncompact Riemannian manifold, then any superhar-
monic  function  with gradient in MCf 2∈ ( )g,ML1  is harmonic.  
Proof. Let (M, g) be a complete Riemannian manifold and f be a scalar function such that 
, MCf 2∈ 0Δ ≤f  and ( )gMLfgrad ,1∈ . If we suppose that ϕ = − f then the above 
conditions can be written in the form ϕ ∈ C2M, Δ ϕ ≥ 0 and ( gMLgrad ,1∈ϕ ). In this 
case, from the Yau statement we conclude that Δ ϕ = 0 and hence f = − ϕ  is a harmonic 
function.    
3. Liouville-type theorems for some complete Riemannian almost product manifolds 
Let (M, g) be an n-dimensional ( )2≥п  Riemannian manifold with the Levi-Civita con-
nection ∇ and TM = V ⊕ H  be an orthogonal decomposition of the tangent bundle TM  
into vertical V and horizontal H  distributions of dimensions n – m and m, respectively. 
We shall use the symbols V and H to denote the orthogonal projections onto V and H , 
respectively. In this case we can define a Riemannian almost product manifold (see [11]) 
as the triple (M, g, P) for P = V – H, where (M, g) is a Riemannian manifold M and P is a 
(1,1)-tensor field on M satisfying PP2 = id and g (P, P) = g. In addition, the eigenspaces of 
P corresponding to the eigenvalues 1 and – 1, at each point, determine two orthogonal 
complementary distributions V and H. 
The second fundamental form QH and the integrability tensor FH  of H are define by (see 
[12, p. 148]) 
QH ( )HXHYV HYHX ∇+∇= 21 ,        FH ( )HXHYV HYHX ∇−∇= 21  
for any smooth vector fields X and Y on M.  It is well known that QH vanishes if and only 
if H is a totally geodesic distribution. We recall that a distribution on a Riemannian mani-
fold is totally geodesic if each geodesic which is tangent to it at point remains for its en-
tire length (see [12, p. 150]). On the other hand, FH vanishes if and only if H is an inte-
grable distribution. A maximal connected integral manifold of H is called a leaf of the fo-
liation. The collection of leafs of H  is called a foliation of M. By interchanging and we 
define the corresponding tensor fields QV and FV for V = H ⊥. 
We define now the mixed scalar curvature of (M, g) as the function 
( )∑ ∑
= +=
=
m
a
n
m
a E,Esecs
1 1
mix
α
α  
where  is the sectional curvature of the mixed plane ( αEEa ,sec ) }{ απ EEspan a ,=  for the 
local orthonormal frames { } and mEE ,...,1 { }nm EE ,...,1+  on TM adapted to V and H, re-
spectively (see [11]; [13, p. 23]). It is easy to see that this expression is independent of 
the chosen frames. With this in hand we can now state the formula which can be found in 
[14] and [15]. Namely, the following formula: 
( ) =+ HVdiv ξξ  
222222
mix HVHVHV FFQQs ξξ +−−−++=                  (2.1) 
where VgV Qtrace=ξ  and HgH Qtrace=ξ  are the mean curvature vectors of V and H , 
respectively (see [11]; [12, p. 149]).  
Assume that V and H are totally umbilical distributions, i.e. ( ) ( ) VV V,VgтпQ ξ⊗−= −1  
and  (see [11]; [12, p. 151]). In this case the formula (2.1) can be 
rewrite in the form (see [15]; [16]; [17])  
( ) HH H,HgтQ ξ⊗= −1
( ) =+ HVdiv ξξ 2222mix 11 HVHV тттп тпFFs ξξ −− −− +−−−                (2.2) 
If in addition to the assumption above we now suppose that (M, g) is a connected com-
plete and oriented Riemannian manifold without boundary and with nonpositive mixed 
scalar curvature smix, then from (3.2) we obtain the inequality ( ) 0≤+ HVdiv ξξ . If at the 
same time, ( g,MLHV 1∈+ξξ ) then by Theorem 4 we conclude that ( ) 0=+ HVdiv ξξ . 
In this case, from (3.2) we obtain 2Hξ 022 === NVξ . It means that V and H are 
two integrable distributions with totally geodesic integral manifolds (totally geodesic fo-
liations). We fix now a point Мх∈  and let and  be the maximal integral mani-
folds of distributions through x, respectively. Then by the de Rham decomposition theo-
rem (see [4, p. 187]) we conclude that if (M, g) is a simply connected Riemannian mani-
fold then it is isometric to the direct product 
1М 2М
( )2121 gg,MM ⊕×  of some Riemannian 
manifolds  and (  for the Riemannian metric  and  which induced by 
g on  and , respectively. In addition, we recall that every simply connected mani-
( )11 g,M )22 g,M 1g 2g
1М 2М
fold M is orientable. Summarizing, we formulate the statement which generalizes a 
theorem on two orthogonal complete totally umbilical distributions on compact 
Riemannian manifold with non positive mixed scalar curvature that has been proved in 
[11]; [15]; [16] and [18]. 
Theorem 4. Let (M, g) be a complete, noncompact and simply connected Riemannian 
manifold with two orthogonal complementary totally umbilical distributions V and H 
such that their mean curvature vectors Vξ  and Hξ  satisfy the condition 
( g,MLHV 1∈+ξξ ). If the mixed scalar curvature  of (M, g) is nonpositive then V 
and H are integrable and (M, g) is isometric to a direct product ( )
mixs
2121 gg,MM ⊕×  of 
some Riemannian manifolds ( )  and 21 g,M ( )21 g,M  such that integral manifolds of V and 
H correspond to the canonical foliations of the product 21 MM × . 
We consider now an (n − 1)-dimensional totally geodesic distribution H  on (M, g). In 
this case the formula (2.2) can be rewrite in the form (see [15])    
=Vdiv ξ 2mix HFs −                                                (2.2) 
where  is the vertical Ricci curvature for an orthonormal 
frame  at a point 
( ) ( 11
2
1mix e,eRice,esecs
m
==∑
=α
α )
}{ ne,...,e1 Mx∈ such that H x = { }1span e  and V x = { }ne,...,e2span . 
Hence, an immediate consequence of (2.2) and Theorem 4 is following 
Corollary 1. Let (M, g) be an n-dimensional complete noncompact and simply connected 
Riemannian manifold with (n − 1)-dimensional totally geodesic horizontal distribution H. 
If the vertical Ricci curvature of (M, g) is nonpositive and ( g,MLV 1∈ξ )
)
 for the mean 
curvature vector of V, then H is integrable and (M, g) is isometric to a direct product 
 of Riemannian manifolds ( 2121 gg,MM ⊕× ( )21 g,M  and  such that 
 and integral manifolds of V and H correspond to the canonical foliations of 
the product . 
( 22 g,M )
1dim 1 =M
21 MM ×
The integral formula (2.1) can be reformulated as follows (see [11]) 
222
mix 2
1422 HVVH FFPsdivdiv −−∇+=+ ξξ HV .                   (2.3) 
where  and . If V and H are inte-
grable distributions then (2.3) can be rewrite in the form  
( )∑
=
∇=
m
a
aHEH E,gdiv a
1
ξξV (∑
+=
∇=
n
m
VEV E,gdiv
1α
αξξ αH )
2
mix 2
1422 Psdivdiv VH ∇+=+ ξξ HV .                              (2.4) 
Suppose now that all integral manifolds of the vertical distribution V are minimal sub-
manifolds of the Riemannian manifold (M, g) and . Then from (2.4) we obtain  0mix ≥s
2
mix 4
12 Psdiv H ∇+=ξV ≥ 0.                                           (2.5) 
If at least one connected complete and oriented maximal integral manifold M′ of V exists. 
We assume that M′ equipped with the Riemannian metric g′  inherited from (M, g) such 
that ( g,MLH ′′∈ 1ξ )  for the mean curvature vector Нξ  of H = V ⊥ which belongs to 
М ′at each point x ∈ M′. Then by applying Theorem 3 to Нξ , from (2.5) we get 
0=′ Hgdiv ξ . Therefore, if all integral manifolds of V are connected complete and ori-
ented minimal submanifolds of the Riemannian manifold (M, g) and Нξ  is a L1-vector 
field for every of them, then 0=∇Р . In this case V and H are two integrable distributions 
with totally geodesic integral manifolds (totally geodesic foliations) on (M, g) (see [11]). 
If at the same time, (M, g) is complete, noncompact and simply connected Riemannian 
manifold then by the de Rham decomposition theorem (see [4, p. 187]) it is isometric to 
the direct product ( )2121 gg,MM ⊕×  of some Riemannian manifolds ( )11 g,M  and 
 for the Riemannian metric  and  which induced by g on  and , re-
spectively. Summarizing, we formulate the statement which 
( 22 g,M )
)
1g 2g 1М 2М
generalizes the main theorem 
of [12]. 
Theorem 5. Let (M, g) be complete, noncompact and simply connected Riemannian 
manifold. If the following three conditions are satisfied: 
1) (M, g) admits an integrable distribution V such that an arbitrary integral manifold 
 of V which equipped with the Riemannian metric  inherited from (M, g) is 
a connected complete and oriented minimal submanifold of (M, g); 
( g,M ′′ g′
2) the orthogonal complementary distribution H = V ⊥ is also integrable and its mean 
curvature vectors Hξ  satisfies the condition ( )g,MLH ′′∈ 1ξ  ; 
3) the mixed scalar curvature , then (M, g) is isometric to a direct product 
 of some Riemannian manifolds 
0mix ≥s
( 2121 gg,MM ⊕× ) ( )21 g,M  and  such that 
integral manifolds of V and H correspond to the canonical foliations of the product 
. 
( 21 g,M )
21 MM ×
Remark 1. If in addition, at least one closed integral manifold M′ of V exists, then, by 
applying the classic Green divergence theorem to Hξ , from  (2.5) we get  
( ) 08 2mix =∇+ ′′∫ gМ dVolPs  
where  is the volume form of gdVol ′ ( )g,M ′′ . If ( )g,M ′′  is non-oriented we can consider 
its orientable double cover. In this case the inequality  is a condition of nonexis-
tence of two orthogonal complementary foliations one of which consists of minimal sub-
manifolds. 
0mix >s
3. Applications to the theory of projective mappings of Riemannian manifolds 
We recall here the definition of pregeodesic and geodesic curves. Namely, a pregeodesic 
curve is a smooth curve γ : t ∈ J ⊂ ℝ → ( )tγ  ∈ M on a Riemannian manifold (M, g), 
which becomes a geodesic curve after a change of parameter. Let us change the parame-
ter along γ  so that t becomes an affine parameter. Then 0=∇ ХХ  for dtdХ γ= , and γ  
is called a geodesic curve. By analyzing of the last equation, one can conclude that either 
γ  is an immersion, i.e., 0≠dtdγ  for all t ∈ J, or ( )tγ  is a point of M.  
Let (M, g) and ( gM , ) be Riemannian manifolds of dimension n ≥ 2. Then a smooth map 
( ) ( gMgMf ,,: → ) of Riemannian manifolds is a projective map if ( )γf  is a pre-
geodesic in ( gM , ) for an arbitrary pregeodesic γ  in (M, g) (see [19]). In particular, if a 
projective map ( ) ( g,Mg,Mf →: ) is called totally geodesic if it maps linearly pa-
rametrized geodesics of (M, g) to linearly parametrized geodesics of ( g,M ) . An equiva-
lent definition is that f is connection-preserving, or affine. The global structure of these 
maps is investigates in the paper [20]. 
For a projective diffeomorphism ( ) ( )g,Mg,Mf →:  we have (see [21, p. 135]) 
( )( )ψψψ dddnRicRic ⊗−∇−+= 1                                   (3.1) 
where Ric and Ric  denote the Ricci tensors of (M, g) and ( )g,M , respectively, and 
( ) Сgdet
g
n
+⎟⎟⎠
⎞
⎜⎜⎝
⎛
+=
detlog
12
1ψ                                        (3.2) 
for some constant C. Now we can formulate the following  
Theorem 6. Let (M, g) be a connected complete, noncompact Riemannian manifold and 
( ) ( g,Mg,Mf →: ) be a projective diffeomorphism onto another Riemannian manifold 
( g,M )  such that sRictraceg ≥  for the Ricci tensor Ric  of ( )g,M  and the scalar curva-
ture s of (M, g). If the gradient of the function ⎟⎟⎠
⎞
⎜⎜⎝
⎛
g
g
det
detlog  has integrable norm on (M, g) 
then f is affine map. 
Proof. We conclude immediately from (3.1) that  
( ) 2
1
1 ψψ gradsRictrace
n g
+−−=Δ                                  (3.3) 
Let sRictraceg ≥  then (3.3) shows 0≥Δψ . If (M, g) is a complete, noncompact Rie-
mannian manifold and ( )g,MLgrad 1∈ψ  then by the Yau statement (see [10, p. 660]) 
we conclude that 0=Δψ  and ψ  must be harmonic on (M, g). At the same time, we see 
from (3.3) that ψ  is constant. Then according to the formula (40.8) from [21, p. 133] we 
obtain 0=∇ g . Hence by [20], f is affine map.  
Let (M, g) and ( gM , ) be Riemannian manifolds of dimension n and m such that n > m. A 
surjective map ( ) ( gMgMf ,,: → ) is a submersion if it has maximal rank m at any point 
x of M, that is, each differential map  of  f  is surjective, hence, for xf∗ Му∈ . In this 
case,  for an arbitrary ( )yf 1− Му∈  is an (n – m)-dimensional closed submanifold М ′of 
(M, g) (see [22, p.11]). We call the submanifolds ( )yf 1−  fibers.  
Putting Vx , for any ( )хfKer ∗= Mx∈ , we obtain an integrable vertical distribution V  
which corresponds to the foliation of M determined by the fibres of f, since each Vx 
 coincides with tangent space of ( )yfTx 1−= ( )уf 1−  at x for ( ) yxf = .  
Let H be the complementary distribution of V determined by the Riemannian metric g, 
i.e. H x = V x⊥ at each x ∈ M. So, at any Mx∈ , one has the orthogonal decomposition 
Tx(M) = Vx ⊕ Hx where Hx is called the horizontal space at x . Thus we have defined a 
Riemannian almost product structure on (M, g).  
Consider now an n-dimensional simple connected complete Riemannian manifold (M, g), 
and suppose that a projective submersion ( ) ( )gMgMf ,,: →  onto an m-dimensional     
(m < n) Riemannian manifold ( gМ , ) exists. Then each pregeodesic line М⊂γ  which is 
an integral curve of the distribution  is mapped into a point ∗fKer ( )γf  in M . Note that 
this fact does not contradict the definition of projective submersion.  
In addition, we have proved in  [23] and [24] that (M, g) is isometric to a twisted product 
( )22121 2 geg,MM α+×  of some Riemannian manifolds ( )21 g,M  and , and for 
smooth function 
( 22 g,M )
→× 212 : ММα  ℝ such that all fibres of submersion and their orthogo-
nal complements correspond to the canonical foliations of   (see [23] and [24]). 
In this case, the following corollary of Theorem 4 is true. 
21 MM ×
Corollary 2. Let (M, g) be an n-dimensional complete, noncompact and simply connected 
Riemannian manifold and ( ) ( )gMgMf ,,: →  be a projective submersion onto another 
m-dimensional (m < n) Riemannian manifold ( )gM ,  such that the mean curvature vector 
Hξ  of the horizontal distribution ( )⊥∗fKer satisfies the condition ( g,MLH 1∈ξ ). If the 
mixed scalar curvature  of (M, g) is nonpositive then mixs ( )⊥∗fKer is integrable and (M, 
g) is isometric to a direct product ( )2121 gg,MM ⊕×  of some Riemannian manifolds 
 and (  such that integral manifolds of  and  correspond 
to the canonical foliations of the product 
( )21 g,M ) )21 g,M ∗fKer ( ⊥∗fKer
21 MM × . 
Moreover, we have proved in [24] that if a simple connected complete n-dimensional 
Riemannian manifold (M, g) has a nonnegative sectional curvature and admits a projec-
tive submersion onto another m-dimensional (m < n) Riemannian manifold ( )gM , , then 
(M, g) is isometric to a direct product ( )2121 gg,MM ⊕×  of some Riemannian manifolds 
 and (  such that the integral manifolds of  and ( )21 g,M ) )22 g,M ∗fKer ( ⊥∗fKer  corre-
spond to the canonical foliations of the product 21 MM × . We can formulate now a state-
ment which will supplement this theorem. The statement is a corollary of Theorem 1 and 
Theorem 6. 
Corollary 3. Let (M, g) be an n-dimensional complete, noncompact and simply connected 
Riemannian manifold and ( ) ( )gMgMf ,,: →  be a projective submersion onto another 
m-dimensional (m < n) Riemannian manifold ( )gM ,  with connected fibres. If the mixed 
scalar curvature  then (M, g) is isometric to a direct product ( )0mix ≥s 2121 gg,MM ⊕×  
of some Riemannian manifolds  and ( )21 g,M ( )22 g,M  such that the integral manifolds of 
 and ∗fKer ( )⊥∗fKer  correspond to the canonical foliations of the product 21 MM × . 
Proof. Let (M, g) be an n-dimensional complete, noncompact and simply connected Rie-
mannian manifold and ( ) ( )gMgMf ,,: →  be a projective submersion onto another m-
dimensional (m < n) Riemannian manifold ( )gM ,  with connected fibres. It follows from 
the above, the fibre  for an arbitrary ( )yf 1− Му∈  is an a (n – m)-dimensional closed 
connected submanifold М ′of (M, g) equipped with the Riemannian metric g′  inherited 
from (M, g). The mean curvature vector Нξ  of H = ( )⊥∗fKer  belongs to МТх ′at each 
point x ∈ M′  then, by applying the classic Green divergence theorem 
 0  to ( ) =∫ ′ ′М gH Volddiv ξV Hξ , from  (2.4) we get the following equation 
( ) g
М
VoldPs ′′∫ ∇+ 2mix 412  = 0                                (3.4) 
where  is the volume form of gdVol ′ ( )g,M ′′ . If ( )g,M ′′  is non-oriented we can consider 
its orientable double cover. If the mixed scalar curvature  then from (3.4) we ob-
tain that 
0mix ≥s
0=∇Р  at each point of M′. At the same time, we recall that M′ is an arbitrary 
fibre of the projective submersion ( ) ( )gMgMf ,,: → . Therefore,  and ∗fKer ( )⊥∗fKer  
are two integrable distributions with totally geodesic integral manifolds (totally geodesic 
foliations) on the complete, noncompact and simply connected Riemannian manifold (M, 
g). Then by the well known de Rham decomposition theorem it is isometric to the direct 
product  of some Riemannian manifolds ( 2121 gg,MM ⊕× ) ( )11 g,M  and ( )22 g,M  for 
the Riemannian metric  and  which induced by g on  and , respectively. The 
proof of our corollary is complete. 
1g 2g 1М 2М
Using the equality (3.4) once again we get the following  
Corollary 4. Let (M, g) be an n-dimensional Riemannian manifold and 
( ) ( gMgMf ,,: → ) be a submersion onto another m-dimensional (m < n) Riemannian 
manifold ( gM , ) with connected fibres. If the mixed scalar curvature  then 0mix >s
( ) ( gMgMf ,,: → ) is not a projective submersion. 
Proof. For the case  we can rewrite (3.4) in the form  0mix >s
( ) g
М
VoldPs ′′∫ ∇+ 2mix 412  > 0. 
The contradiction just obtained with the classic Green divergence theorem completes the 
proof of our corollary. 
4. Applications to the theory of conformal mappings of Riemannian manifolds 
Let (M, g) and ( gM , ) be Riemannian manifolds of dimension n ≥ 2.  Then a diffeomor-
phism ( ) ( )g,Mg,Mf →:  is called conformal if it preserves angles between any pair 
curves. In this case, geg σ2=  for some scalar function σ . In particular, if the function σ  
is constant then f is a homothetic mapping. 
If MC 2∈σ then (see [21, p. 90]) 
( ) ( )( ) 22 2112 σσσ gradnnnsse −−−Δ−−=                      (4.1) 
where s  denote the scalar curvature ( )g,M . Now we can formulate the following  
Theorem 6. Let (M, g) be an n-dimensional (n ≥ 3) complete, noncompact Riemannian 
manifold and ( ) ( g,Mg,Mf →: ) be a conformal diffeomorphism onto another Rieman-
nian manifold ( g,M )  such that geg σ2=  and  ses σ2−≥   for some function MC 2∈σ  
and the scalar curvatures s and s  of (M, g) and ( g,M ) , respectively. If 
( g,MLgrad 1∈σ ), then f is a homothetic mapping. 
Proof. If ( ) ( g,Mg,Mf →: ) is a conformal diffeomorphism a connected complete non-
compact and oriented Riemannian manifold (M, g) onto another Riemannian manifold 
( g,M )  such that geg σ2=  for some function MC 2∈σ , then from (4.1) we obtain 
( ) ( )( ) 22 2112 σσ σ gradnnsesn −−−−=Δ− .                   (4.2) 
Let ses σ2≤  then (2) shows 0≤Δσ . It means that σ is a superharmonic function. By the 
condition of our theorem, the gradient of σ  has integrable norm on (M, g) and we obtain 
from (4.2) that 0=Δσ  and σ  must be harmonic (see our Lemma). Since n ≥ 3, we see 
from (4.2) that σ  is constant. The proof of the theorem is complete. 
Let (M, g) and ( gM , ) be Riemannian manifolds of dimension n and m for n > m. 
A submersion ( ) ( gMgMf ,,: → )
)
 is called a horizontal conformal if  restricted to the 
horizontal distribution H =(  is conformal mapping.  
∗f
⊥
∗fKer
Next, we consider a horizontal conformal submersion ( ) ( gMgMf ,,: → ) for the case m 
< n.  We note here that horizontal conformal mappings were introduced by Ishihara [25]. 
From the above discussion, one can conclude that the notion of horizontally conformal 
mappings is a generalization of concept of Riemannian submersions. In addition, we note 
that a natural projection onto any factor of a double-twisted product 
( )22212121 gg,MM λλ +×  of any Riemannian manifolds ( )aa g,M  and smooth positive func-
tions →× 21 MM:aλ  ℝ for an arbitrary a = 1, 2 is horizontal conformal submersion with 
umbilical fibres (see [20]). 
Let ( ) ( gMgMf ,,: → ) be a horizontal conformal submersion and  be an 
umbilical distribution then (2.2) can be rewrite in the form 
∗fKer
( ) =+ HVdiv ξξ 222mix 11 HVH тттп тпFs ξξ −− −− +−−  .              (4.3) 
In this case, we can formulate a corollary of Theorem 4 which generalizes our theorem on 
the horizontal conformal submersions of compact Riemannian manifolds with non 
positive mixed scalar curvature that has been proved in [26] (see also [27]). 
Corollary 5. Let (M, g) be an n-dimensional complete, noncompact and simply connected 
Riemannian manifold and ( ) ( )gMgMf ,,: →  be a horizontal conformal submersion 
with umbilical fibres onto another m-dimensional (m < n) Riemannian manifold ( )gM , . 
If the mean curvature vector Vξ  of  and the mean curvature vector ∗fKer Hξ  of 
satisfy the condition ( ⊥∗fKer ) ( )g,MLHV 1∈+ξξ  and the mixed scalar curvature  
of (M, g) is nonpositive then 
mixs
( )⊥∗fKer  is integrable and (M, g) is isometric to a direct 
product  of some Riemannian manifolds ( 2121 gg,MM ⊕× ) ( )21 g,M  and (  such 
that integral manifolds of  and 
)21 g,M
∗fKer ( )⊥∗fKer  correspond to the canonical foliations of 
the product . 21 MM ×
5. Applications to the theory of Riemannian submersions 
A submersion ( ) ( gMgMf ,,: → ) is called Riemannian submersion if (  preserves 
the length of the horizontal vectors at each point 
) хf∗
Mx∈ (see [13, p. 3]). In this case, the 
horizontal distribution H =(  is totally geodesic (see [17]). In the paper [28] and 
in the monograph [13, p. 235] was proved the following theorem. Let 
)⊥∗fKer
( ) ( gMgMf ,,: → ) be a Riemannian submersion with totally umbilical fibres. If (M, g) 
is a closed and orientable manifold with nonpositive mixed sectional curvature (i.e. sec 
(X,Y) ≤ 0 for every horizontal vector field X and for every vertical vector field Y), then all 
fibres are totally geodesic and horizontal distribution H =( )⊥∗fKer  is integrable, and the 
mixed sectional curvature is equals to zero. We present a generalization of this theorem. 
The following result is deduced immediately from Corollary 6.  
Corollary 6. Let (M, g) be an n-dimensional complete, noncompact and simply connected 
Riemannian manifold and ( gM , ) be another m-dimensional (m < n) Riemannian mani-
fold and ( ) ( gMgMf ,,: → ) be a Riemannian submersion with totally umbilical fibres. If 
the mixed scalar curvature is nonpositive and  the mean curvature vector mixs Vξ  of fibres 
satisfies the condition ( g,MLV 1∈ξ ) )
)
, then the horizontal distribution (  is inte-
grable and the Riemannian manifold (M, g) is isometric to a direct product 
 of some Riemannian manifolds 
⊥
∗fKer
( 2121 gg,MM ⊕× ( )21 g,M  and (  such that the )22 g,M
integral manifolds of  and ∗fKer ( )⊥∗fKer  correspond to the canonical foliations of the 
product . 21 MM ×
We know from [29] that there are no Riemannian submersions from closed Riemannian 
manifolds with positive Ricci curvature to Riemannian manifolds with nonpositive Ricci 
curvature.  The following statement is a direct consequence of Corollary 3 and comple-
ments the above vanishing theorem. 
Corollary 7. Let (M, g) be an n-dimensional complete, noncompact and simply connected 
Riemannian manifold and ( ) ( )gMgMf ,,: →  be a Riemannian submersion onto an (n – 
1)-dimensional Riemannian manifold ( )gM , . If the vertical Ricci curvature of (M, g) is 
nonpositive and the mean curvature vector Vξ  of fibres satisfies the condition 
( g,MLV 1∈ξ ), then the horizontal distribution ( )⊥∗fKer  is integrable and the Rieman-
nian manifold (M, g) is isometric to direct product ( )2121 gg,MM ⊕×  of some Rieman-
nian manifolds ( )  and (  such that 21 g,M )22 g,M 11 =Mdim  and  the integral manifolds 
of  and (  correspond to the canonical foliations of the product ∗fKer )⊥∗fKer 21 MM × . 
5. Applications to the theory of harmonic submersions of Riemannian manifolds 
A smooth mapping ( ) ( )gMgMf ,,: →  is said to be harmonic if f provides an extremum 
of the energy functional ( ) ∫
Ω
∗Ω = gdffE Vol2 for each relatively closed open subset 
M⊂Ω  with respect to the variations of f that are compactly supported in Ω .  
If (M, g) is an n-dimensional Riemannian manifold and ( ) ( )gMgMf ,,: →  is a 
harmonic submersion onto another m-dimensional (m < n) Riemannian manifold ( )gM ,  
then each its fibre (M′, g′) is an (n – m)-dimensional closed imbedded minimal submani-
fold of (M, g) (see [30]). Then from the above arguments and Theorem 4 we conclude 
that the following corollary is true. 
Corollary 9. Let (M, g) be an n-dimensional complete, noncompact and simply connected 
Riemannian manifold and ( ) ( )gMgMf ,,: →  be a harmonic submersion onto another 
m-dimensional (m < n) Riemannian manifold ( )gM ,  with connected fibres. If the hori-
zontal distribution ( )⊥∗fKer is integrable and the mixed scalar curvature  is non-
negative, then (M, g) is isometric to a direct product 
mixs
( )2121 gg,MM ⊕×  of some Rie-
mannian manifolds ( )21 g,M  and ( )22 g,M  such that the integral manifolds of  and 
 correspond to the canonical foliations of the product . 
∗fKer
( ⊥∗fKer ) 21 MM ×
Using the Remark 1 we get the following  
Corollary 8. Let (M, g) be an n-dimensional Riemannian manifold and 
( ) ( gMgMf ,,: → ) be a submersion onto another m-dimensional (m < n) Riemannian 
manifold ( gM , ) ) with connected fibres. If the horizontal distribution ( is inte-
grable and the mixed scalar curvature  is positive, then 
⊥
∗fKer
mixs ( ) ( gMgMf ,,: → ) is not 
harmonic. 
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